Abstract. We give conditions so that a polynomial be factorable through an L r (µ) space. Among them, we prove that, given a Banach space X and an index m, every absolutely summing operator on X is 1-factorable if and only if every 1-dominated m-homogeneous polynomial on X is right 1-factorable, if and only if every 1-dominated m-homogeneous polynomial on X is left 1-factorable. As a consequence, if X has local unconditional structure, then every 1-dominated homogeneous polynomial on X is right and left 1-factorable.
m-linear mapping P : X× (m) . . . ×X → Y so that P (x) = P x, (m) . . ., x (x ∈ X) and we have
Given a polynomial P ∈ P( m X, Y ), its derivative is the polynomial
defined by dP (x)(y) = m P x, (m−1) . . . , x, y (x, y ∈ X) .
For the general theory of multilinear mappings and polynomials on Banach spaces, we refer the reader to [14] and [20] .
We use the notation ⊗ m X := X⊗ (m) . . . ⊗X for the m-fold tensor product of X, and X ⊗ π Y (respectively, X ⊗ Y ) for the completed projective (respectively, injective) tensor product of X and Y (see [13] or [11] for the theory of tensor products).
By ⊗ . . . ⊗ s X we denote the m-fold symmetric tensor product of X, that is, the set of all elements u ∈ ⊗ m X of the form
. . . ⊗x j (n ∈ N, λ j ∈ K, x j ∈ X, 1 ≤ j ≤ n). for all x j ∈ X and λ j ∈ K (1 ≤ j ≤ n). By δ m : X → ⊗ m π X we denote the canonical polynomial given by
is r-dominated (see, e.g., [19] ) if there exists a constant k > 0 such that, for all n ∈ N and (
The infimum of the constants k that verify this definition is called the rdominated quasinorm of P and will be denoted by P r-d (it is a norm if and only if r ≥ m).
Note that, for m = 1, we obtain the ideal (Π r , π r ) of (absolutely) r-summing operators. If m = 1 and r = 1, we obtain the class of absolutely summing operators.
A
if there exists a regular countably additive, Y * * -valued Borel measure G of bounded variation on B X * such that
A polynomial P ∈ P( m X, Y ) is nuclear [1] if it can be written in the form
where (x * i ) ⊂ X * and (y i ) ⊂ Y are bounded sequences such that
It is well known that every nuclear polynomial is integral. The definition of ideal of polynomials may be seen, for instance, in [5] .
For the notion and main properties of L p -spaces (1 ≤ p ≤ ∞), we refer the reader to [17] .
Definition 1 ([5]
). Let Q be an ideal of polynomials. We say that (a) Q is closed under differentiation if, for every m ∈ N, all Banach spaces X and Y , and every polynomial 
In this case we set 
In this case we set Recall [12, Chapter 7] that an operator T ∈ L(X, Y ) is r-factorable if there exist a measure space (Ω, Σ, µ) and operators b :
In this case, we write γ r (T ) := inf a b , where the infimum extends over all factorizations of T as above; γ r is a norm on the space Γ r (X, Y ) of all r-factorable operators from X into Y . Proof. There exist a positive measure space (Ω, Σ, µ), a polynomial
Using the polarization formula [20, Theorem 1.10], we have for
Therefore (see the diagram below)
Since the factorization
and the proof is finished.
Remark 5.
(a) There are many left 1-factorable polynomials that are not right 1-factorable. Indeed, it is proved in [10, Theorem 2.3] that every integral polynomial is left 1-factorable so, in particular, a nuclear polynomial is left 1-factorable; however, there are many nuclear polynomials that are not right 1-factorable [10, Propositions 5.8 and 5.9].
(b) The polynomial Q ∈ P(
) k is obviously left 1-factorable, but it is not integral (otherwise, it would be compact). Moreover, it is right 2-factorable (and then right r-factorable for every r > 1 [12, Corollary 9.2]), but it is not left 2-factorable: indeed, this would imply that Q is compact.
Given an operator ideal A, a polynomial P ∈ P( 
(see also [16] ). We have (see Figure 1 ) 
In particular, for every x ∈ X,
. . . , a, x) 
Consider the polynomials
and 
. . . ⊗x
On the other hand, Given a Banach space X, let F X denote the collection of all finite dimensional subspaces of X. We say that X has local unconditional structure (l.u.st., for short) [12, Chapter 17] if there is a constant Λ ≥ 1 such that, for all E ∈ F X , the canonical embedding E → X has a factorization E In the following lemma, the factorization result is well known (see [8, Theorem 5] or [7, Theorem 5] ). We are interested here in the equality of the norms.
X, Y ) and then, by our hypothesis, it is left r-factorable. So its linearization
T • π 1 • · · · • π m−1 is also r-factorable. Now, for every 1 ≤ p ≤ m − 1, let j p : ⊗ p π,s X → ⊗
Lemma 9. A polynomial P ∈ P( m X, Y ) is r-dominated if and only if there are a Banach space Z, an r-summing operator T ∈ L(X, Z), and a polynomial
Proof. Let P be r-dominated. We know that it admits a factorization P = Q•T as in the statement. For every n ∈ N and all x 1 , . . . , x n ∈ X, we have
Hence,
Given > 0, by [18, Proposition 3.1], there are a constant C > 0 with C < P r-d + and a regular Borel probability measure µ on B X * such that
We have
so Q 0 is continuous with Q 0 ≤ C . Let Q be the continuous extension of Q 0 to Z with Q = Q 0 . Then P = Q • T , with T r-summing, and
and the proof is finished. 
Proof. By Lemma 9, there exist a Banach space Z, an absolutely summing operator T ∈ L(X, Z) and a polynomial Q ∈ P( m Z, Y ) such that P = Q • T . Since X has l.u.st., T is 1-factorable [12, 17.7] , so there exist a measure space (Ω, Σ, µ) and operators [12, 17.7] . As in the proof of Theorem 6 (see Figure 1 , with r = 1), using the Aron-Berner extension Q of Q, we have
So P is right 1-factorable. Moreover, we observe that
where we have used the equality Q = Q [6, Proposition 1.3]. Taking the infimum over A and B such that
Taking again the infimum over Q and T such that P = Q • T , by Lemma 9, we obtain γ right 1
Proof. It is enough to apply Theorem 6 since, under our hypothesis, for every Banach space Z,
Recall that right 2-factorable implies right r-factorable, for every 1 < r < ∞, by [12 Proof. If P ∈ P( 2 X, Y ) is integral, it is also 2-dominated [9, Lemma 1] . So there exist a Banach space Z, a 2-summing operator T ∈ L(X, Z) and a polynomial Q ∈ P( 2 Z, Y ) such that P = Q • T . Since X has cotype 2, T is also absolutely summing [12, Corollary 11.16] , and then P is 1-dominated. By Corollary 10, P is right 1-factorable.
, let X be a subspace of G, and suppose that P ∈ P( 2 X, Y ) is an integral polynomial. As above, there exist a Banach space Z, a 2-summing operator T ∈ L(X, Z) and a polynomial [12, Theorem 4.15] . Since G has cotype 2, T is absolutely summing [12, Corollary 11.16] . Then the polynomial P :
where i denotes the natural embedding of X into G. This finishes the proof. 
